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f*^**) Abstract 

We present several new sufficient conditions for uniform boundedness 
CIh 01 f ne reduced correlations and free energy of an abstract polymer system 

in a small complex disc around zero fugacity. In particular, we solve a 
discrepancy between several known conditions, which are not always com- 
QQ parable, and show how the arise from a common approach. The main tool 

r- h is an extension of the tree-operator approach introduced by Fernandez & 

Procacci combined with novel partition schemes of the spanning subgraph 
' < _ i ' complex of a cluster. 
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1 Introduction 

A recurring theme in statistical mechanics is the search for improved lower 
bounds of the radius of analyticity of the cluster expansion of an abstract poly- 
mer system around zero fugacity. This usually demands a convergence argument 
and a sufficient condition for uniform boundedness (short SCUB) of finite vol- 
ume quantities. 

The first such SCUBs have been derived by Gruber & Kunz [GK71], still 
in the context of subset polymer systems, and Kotecky & Preiss [KP86]. Both 
are based on cluster expansion techniques. A major improvement, in particular 
because of its short proof, has been Dobrushin's SCUB [Dob96a]. It first bounds 
the reduced correlations, that is ratios of partition functions, which entails the 
boundedness of the free energy. 

Recent work by Fernandez & Procacci [FP07] uses an identity by Penrose 
I 7] to convert the problem of bounding the cluster expansion to determining 
a non-trivial fixpoint of a tree-operator. Their SCUB improves on Dobrushin's 
SCUB by not only accounting for the number of polymers incompatible with 
each polymer, but also their mutual incompatibilities. They also show that all 
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the previously known SCUBs are reproducible within their framework of tree- 
operators and are relaxations of their SCUB. 

There is another Dobrushin-style SCUB building on work of Liggett, Schon- 
mann & Stacey [LSI: "] and Scott & Sokal [SS05], which reduces the degree 
of Dobrushin's SCUB by one. On locally tree-like graphs it is better than 
Fernandez & Procacci's SCUB. This discrepancy has been the main motivation 
in our search for an interpretation the above reduced-degree SCUB in the con- 
text of tree-operators, its improvement and the clarification of its relation with 
the other SCUBs. 

This paper presents several new SCUBs of increasing strength and complex- 
ity. We show that all new and known SCUBs arise in a generalised tree-operator 
framework and are specialisations of a single, stronger SCUB. The novel mathe- 
matical techniques are threefold: First, a generic relaxation transforming weaker 
SCUBs into the ones we want. Second, explorative partition schemes, which 
allow for tighter tree approximations via Penrose's theorem by keeping more 
restrictions on trees exploitable by the tree-operator framework. Third, multi- 
plexing bounds onto spaces indexed by more information than just the set of 
polymers, which allows restrictions on trees to be carried over between succes- 
sive applications of the tree-operators. 

Via the explicit connection between the Lovasz Local Lemma and the par- 
tition function of the abstract polymer system at negative real fugacity made 
by Scott & Sokal [SS05], the new SCUBs are improvements of the Lovasz Local 
Lemma. 

The organisation of this paper is as follows: In the following subsections 
we introduce notation, key quantities and basic identities. Section 2 lists all 
known SCUBs in order of increasing strength and discusses the results. Section 
3 rassembles all the Dobrushin-style inductive proofs. Section 4 introduces 
the tree-operator framework and section 5 explorative partition schemes, which 
section 6 combines into the proof of the SCUBs. 

1.1 Setup and notation 

We have a countable set of polymers V with a symmetric and reflexive incom- 
patibility relation s» (we choose s» instead of 76 to mimic the standard graph 
theoretic notation for adjacency in the induced graph ("P, ~)). Without loss 
of generality, we assume that the graph (V, ~) is connected and locally finite. 
For each polymer 7, we write !("/) for the set of polymers incompatible with 7 
and I* (7) := 1(7) \ {7} for the set of polymers incompatible with and different 
than 7. 

For every finite subset of polymers A <e V, we define the grand canonical 
partition function Sa : C A — > C by 




'7 



(la) 
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E^E f n :&*a)fu 

n>0 |*£A n / 



(lb) 



where z are the activities or fugacities on A. It follows that ^0(2) = 1. The 
function ^a(z) is affine in each parameter z~. 

Scalar arithmetic operations and comparisons are lifted component-wise to 
vectors. The projection of a vector x := (a; 7 ) 7e -p to a subset A <g V is xa, if 
needed for disambiguation, otherwise silently ignoring superfluous coordinates. 

1.2 Key quantities and identities 

This section states the key quantities of interest and relations between them. 
Every definition and relation is a priori just formal, as not all the divisions 
are well-defined for all complex z. They are well-defined though, if one of the 
SCUBs is satisfied. There are two principal quantities of interest. The first is 
the reduced correlation [GK71] of m distinct polymers £1 , . . . , £ TO 

^,..,u {g):= ^j^M. (2a) 

-A(z) 

The second is the free energy 

(2b) 

The aim is to find bounds on these quantities independently of A, that is in 
the thermodynamic limit. From here on we assume that 7 G A. Secondary 
quantities also of interest are the pinned connected function [FarlO, (2.24)] 

^(*) (2c) 

and the rooted connected function [FarlO, (2.25)] 

91ogH A 

Z ^^ 7 - (Z) - (2d) 

Again we want bounds uniformly in A. We introduce the one polymer partition 
ratios 

vl(Z):= ^%r . (3) 

For {£1, . . . ,£ n } := A d V and A, := {£1, . . . the telescoping identity ex- 
presses the partition function as a product of one polymer partition ratios: 

n 
i=l 

Similarly, each reduced correlation is a products of inverses of suitable chosen 
one polymer partition ratios. Also, the pinned connected function is a product of 
reduced correlations [SS05, (3.8)] and the logarithm of the reduced correlations 
is an integral over the pinned connected function [BFPS11, (A. 3)]. See section 
10 for further details. 
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1.3 Cluster expansion and the worst case 

Let / be a finite set. A vector £ := (£i)i<=/ G V 1 has support 

supp£:={ 7 e7> : 3i G 1 : 6 = 7}. (5) 

The vector £ induces the graph 

G(D:=(I,{(i,j)eI 2 : (6) 

If this graph is connected, then it is called a cluster. A classic approach is to 
rewrite the logarithm of the partition function via the cluster expansion [MS10], 
[FarlO, section 2.5], [SS05, section 2.2]. Define the Ursell functions [Urs27](or 
semi-invariants [Dob96a] or truncated functions [SS05]) as 

fl |/|=1, 
"(D := I Effec - {-l) lE{H)l \I\ > 2 and G(£) connected, (7) 
[0 else. 

The spanning subgraph complex Cq of a graph G is introduced in section 4.1. 
We formally expand the logarithm of the partition function to 



1 . . 

logS A (z)^-£u(OlK- (8) 
The expansion of the pinned connected function is consequently 

^» £ £s £ -can* ( 9 ) 



'7 



n>0 £*e{ 7 }xA™ 1=1 
The Ursell functions have the alternating sign property [SS05, proposition 

2.8] 

(-l) m+1 u(£) > 0. (10) 
This implies that the worst case is for negative real fugacities: 
<91og S A 



dz 1 ^ ^ 



< d ^ A (-\"\) and vl(-l^l) < ■ (ii) 



2 Sufficient conditions for uniform boundedness 

This paper is about sufficient conditions for uniform boundedness (short SCUB) 
of the quantities (2) around fugacity. A SCUB implies uniform (in A) bounds 
of either the form 

3de]Q,oo[ p : V 7 eAgP: g^ H^l) < C 7 (12a) 



or 



3ce]0,oof: V 7 eA<E'P: Cy < V»a(— I 5 !) • ( 12b ) 
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As we can express the pinned connected expression in the one polymer partition 
ratios (66) and vice-versa (67), the bounds in (12) are equivalent. If a SCUB is 
satisfied for some p, then all the definitions and relations in sections 1.2 and 1.3 
are well-defined for every complex z with \z\ < p [SS05, theorem 2.10]. 

The uniform boundedness is equivalent to the well-definedness and non- 
negativity of the following quantity: 

V 7 G V : <pU-P) ■■= Hm v\{-p) , (13) 

where the limit is monotone decreasing [SS05, top of page 62] in the ultra-filter 
of finite subsets of V containing 7. 

2.1 Admissible parameters 

As we primarily care about negative real fugacities, we introduce the multidisc 
of admissible parameters 

TZp := {pe [0,oo[ p : VAgP: S A (-p) > 0} . (14) 

The set TZp is an intersection of open sets and almost closed [SS05, theorem 
8.1]. The interior of TZp, with respect to the box-topology, is 

IntTZp := {p G TZp : 3x>6: p + xeTZp}, (15) 

Both TZp and IntTZp are log-convex and a down-set [SS05, proposition 2.5], i.e., 
if p G TZp , then every ft with < ft < p is also in TZp . Proposition 1 shows a 
generic SCUB based on Int TZp . 

Proposition 1. I/O < p< ft G TZ-p, then 

l ^ 

In particular, we have 

p G Int TZ-p (V 7 G : tp^(-p)>Q). (17) 

Its proof is in section 3. Proposition 1 is inspired by a coupling [Teml2, 
model 22] in the context of the interpretation as Shearer's measure [She85, SS05]. 
The importance of proposition 1 lies in the the ability to lift a weaker SCUB, 
which just guarantees p to lie in TZp, to a SCUB in our sense, by slightly relax- 
ing it by restriction to Int TZp . 

Example 7 shows that at least in one case analyticity breaks down at a 
boundary point of TZp. This is shown by the infinite- volume limit of the one- 
polymer ratios at that boundary point. As we believe that this break-down 
holds all along the boundary, a SCUB should only ever map out subsets of the 
Int TZp. Thus our search for SCUBs can be reformulated as: 

Question 2. What are the properties of What are sufficient (or necessary) 
conditions for p to be in 7?/p? 

We point out that there has been work [SS05, section 8.2] on necessary 
conditions, too. Necessary conditions correspond to supersets of TZp. 



if Ah > 
if p 1 = . 



(16) 
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2.2 Discrepancy in the homogeneous case 

The setting for this section is: (V, rj ) is a transitive graph of degree D := IT* (7)! 
(ignoring the loops in (V, ~)) and we have homogeneous fugacity zl. The 
motivation of our paper stems from the comparison of various SCUBs in the 
literature, in this setting. 

The classic SCUB by Dobrushin [Dob96b], also known as the symmetric 
Lovdsz Local Lemma [EL75], is 

p - s ^WT^ = (D^um- (18a) 

An improved SCUB by Fernandez & Procacci [FP07] is 

P < sup - M . (18b) 

M>0 -I( 7 ) W 

If (V, ~) is triangle-free, that is the subgraph (1(7), ~ ) is a star, for every 
7 G V, then (18b) reduces to (18a). Both of these SCUBs have interpretations 
as tree-operators in the framework by Fernandez & Procacci. There is another 
SCUB, though, independently discovered by [LSS97] and [SS05], namely 

u (D-1)( D -V 
P<S ^WTW= DO ■ < 18c > 

The improvement over (18a) is the reduction of the degree by one. The reason 
for the strict inequality in (18c) is a hidden application of proposition 1 (see 
the proof of (22) in section 3). The SCUB (18c) is exact on £)-regular infinite 
trees under homogeneous fugacity [Shc85]. In this case (18c) is stronger than 
(18b), while it is weaker in other cases. The following questions arose from this 
discrepancy: 

Question 3. Is there a tree-operator hidden behind (18c), too? 

Question 4. Can we improve (18c) in a similar way as (18b) improved on (18)? 

Question 5. Is there a unified approach towards all of theses SCUBs? Can it 
unite (18b) and a possible improvement from question 4? 

Section 2.3 affirmatively answers these three questions. 



2.3 Main results 

This section presents the new SCUBs, answers our questions and compares 
them to the known ones. The relationship is summarised in figure 1. We give 
an intuitive back-of-the-envelope graphical explanation in terms of counting tree 
extensions of depth 1 in section 2.4. 

We recall the known SCUBs by Kotecky & Preiss (20a) [KP86], Dobrushin 
(20b) [Dob96b] and Fernandez k Procacci (20c) [FP07]. They have the form: 
if there exist p, jl £ [0, 00 [ p , such that 

P0 sen (M) < A? =* (V 7 € V : vK-p) > 0) , (19) 
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where (/> gcn : [0,oo[ v -+ [0,oo[ v is particular to each SCUB. The SCUBs are, in 
order and for each 7: 

^ P (M) := exp I Yl I*) ( 20a ) 

C b (^):= II + ( 20b ) 
?ei( 7 ) 

0f(/x):=H z(7) (/2). (20c) 

Dobrushin's SCUB (20b) is also known as the asymmetric Lovdsz Local Lemma 
[EL75]. 

The new SCUBs have the form: if there exist p, ft G [0, 00 [ v , such that 

pHM)<^(V7eP: ^(-/5)>0), (21) 

where </) gen : [0, oo[ v — > [0, oof 3 is a particular to each SCUB. The reason for the 
strict inequality is an application of proposition 1, as our SCUBs directly only 
imply that IZ-p. Our first SCUB is a reduced degree version of Dobrushin's 
SCUB (20b) and the inhomogeneous version of (18c): 

^ cd (M):=(l + Ai7 ) max ]J (1 + ^)- (22) 

Its proof is in section 3: it is a short induction a la Dobrushin, avoiding cluster 
expansion. Knowning Fernandez & Procacci's tree-operators, question 3 arises 
immediately: does p<fi rcd (fl) correspond to a yet unknown tree-operator? It is so, 
and the improvement, analogously to FP improving upon </> Dob , is the returning 
SCUB 

<t>™\lJ) ■= (1 + M 7 ) max Sx* (7) \ {e} . (23) 

eel* (7) 

The naming is explained in section 2.4 and the proof is in section 6.1. While 
4> rct improves 4> Tcd , it is still not comparable with <fi FF . There is generalisation 
of them both, though. Define the set of compatible polymer pairs as 

V i! :={( 1 ,e):^eV,eeI*^)}. (24) 

For g € {G,R} P *, let 

Ve e V G° ut(?) := {7 e T{e) : b M = G} , (25a) 
V 7 GP G^^:={eeX*( 7 ): & (7 , e) = G} . (25b) 

The synthetic SCUB at g£ {G,TL} V * is 

7 yn(9) (/i) := max|s G o„t (!? )(^)S I(7AG „ut(g)(/i) , 

(1 + /i 7 ) max S G out (!? ) Ue} (^)S :z:i(7AG „ ut (s) Ue} ( A r)} . 



(26) 



Finally, the synthetic SCUB, for /?, has its own form. It is the supremum over 
all choices of q: 
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(3?e{0,l} 7 \3/Je[0,oo[ p :V 7 e7>: (ft) < p) 

(v 7 eP: ^(-p)>0). (27) 

The expression <^ yn ® reduces to <^ p and 0^ ot , for particular choices of g: 

= and (28) 

The vector g interpolates between the behaviour of (fP° h and (j> FP . In the homo- 
geneous (both in ("P, « ) and p) setting of section 2.2, <^ yn ^ reduces to exactly 
one of (20c) and (23). 

The domains of p, for which the SCUBs (22), (23) and (27) hold, are log- 
convex and down-sets. A direct proof follows from the arguments in [FP07, 
proposition 3], while a generic argument follows from [SS05, proposition 2.15]. 

^ P (M) 

^ p (a?) < <PT^) 

0y od (/z) < 

Figure 1: Relationship between the SCUBs 



2.4 Graphical explanation 

At this point we have mentioned tree-operators, but not told yet what they 
really are. While we leave the formal definition to section 4, we want to give a 
back-of-the-envelope explanation here. The key part of the proof of each SCUB 
is the convergence of a series over weighted, labelled and rooted trees. The la- 
bels are polymers attached to the vertices of the tree and determine the weight. 
A tree-operator builds these trees in an iterative fashion and thus control the 
convergence of the resulting series. A depth 1 tree-operator, applied at some 
depth n, takes a labelled tree of depth n and produces several new trees, with 
corresponding weights, from it. It does so by by replacing the weight of the leaf 
by the corresponding entry of p and adding a finite, but possibly zero, number of 
children. The children get weights drawn from p. This happens independently 
for each level n leaf of the original tree. 

We want to explain this by a concrete example. In figure 2 you find the 
graph of the incompatible neighbourhood of the polymer 7. Suppose we are at 
a level n leaf v of a depth n tree, labelled by 7. The possible labels of children of 
v have to come from 1(7), due to the structure of a cluster (see figure 5). The 
different SCUBs stem from different tree-operators, which differ in the labels 
they allow for the children of v. 



syn(g) 
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Figure 2: The example polymer incompatible neighbourhood graph (1(7), ~) 
we use in our graphical explanation. Lines represent incompatibilities. Recall 
that each polymer is incompatible with itself. 

In figure 3 we describe the different tree-operators by listing the constraints 
on the labels of possible children of v, which carries label 7. The notation is: 
thick lines are incompatibilities between the labels of the children taken into 
account, thin lines are ignored incompatibilities and crossed out polymers are 
ignored. 

The first figure 3(a) describes Kotecky & Preiss's <^ KP operator: all incom- 
patibilities are ignored. Thus there is a finite number of children for each poly- 
mer incompatible with 7, leading to a exp(^) factor, for each £ € {7, £1, £2, £3, s}, 
and subsequently their product in (20a). This tree-operator assumes nothing 
else than the structure of (V, s» ). 

Dobrushin's and Fernandez & Procacci's SCUBs are drawn in figures 3(b) 
and 3(c) respectively. Here we encounter the first red lines, which mark in- 
compatibilities taken into account. In the case of Dobrushin's SCUB these are 
only the loops. This translates into the restriction: at most one child labelled 
by each polymer. Thus a (1 + ^) factor, for each £ g {7, £1, £3, e}, and 
subsequently their product in (20b). Fernandez & Procacci's SCUB takes into 
account also the incompatibilities between the polymers. Thus the polymer 
labels of each possible extension of a leaf must form an independent subset of 
({7, £1,62, £3, e} =£(7)) -)• Summing these up yields 3 I(7) (/Z). 

The final two figures describe the new reduced and returning SCUBs. There 
the polymer e has another interpretation. It marks the last polymer label differ- 
ent to 7 on the path from the root of the tree to the leaf (admitting momentarily, 
that such a different label exists) . The tree-operator disallows returning to this 
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(c) Graphical explanation of </> pp (/I) (d) Graphical explanation of <f>lf d (fl) 




(e) Graphical explanation of (f> r -^ t (^) 



Figure 3: Graphical explanation of the SCUBs by counting depth 1 trees, based 
on the example in figure 2. The incompatibilities are marked in either red or 
blue. The incompatibilities in red are taking into account. In figures (e) and (d) 
the stroken-through e is the last different ancestor polymer and thus ignored. 
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last visited polymer label. The price for this ignorance of incompatibilities be- 
tween 7 and {£1, £2, £3, e}, leading to the separate (1 + /i 7 ) factor in both (22) 
and (23). 




Figure 4: Graphical explanation on extended directed polymer system. Above 
you see, for 7 ed on the left side and </> 7 et on the right side, the possible labels of 
the children of a vertex with label (7, e) in the corresponding term of the max. 
The lines show the incompatibilities and thick lines are the incompatibilities 
taken into account, based on the example in figure 2. 



In fact, both tree-operators act on a space indexed by V-* from (24). This is 
necessary to carry the information about the last different polymer label between 
successive applications of the tree-operator. See the graphical representation in 
figure 4. For the details see section 6.1. The tree-operator behind the synthetic 
SCUB is not explained, as its behaviour interpolates between the reduced and 
returning behaviour, depending on g and possibly different at each polymer. 

3 Polymer level inductive proofs 

This section contains the polymer level inductive proofs, i.e. proofs using the 
deletion- contraction properties of the partition function instead of cluster ex- 
pansion. The key is the fundamental identity: 

V 7 € A <! V : S A (z) = S M{7} (z) + z 7 H A \x( 7 ) (z) . (29a) 

In terms of the one polymer partition ratios, and if Hm/ 7 }(z) 7^ 0, it becomes 

= 1 + nm 5 ^ -7= » ( 2 9b) 

where {£1, . . . , £ m } := I* (7) fl A. We recall the monotonicity properties of the 
one polymer partition ratios: 

Lemma 6 QSS05, top of page 62],[Teml2, (5.67)]). For 7 e A <s V, 
£/3a\{7}(-p) > °; then 

VA'CA: y>1_(-p) < <Pa>(-P) ) (30a) 
V0 <fl<p: vl{-p)<H>l{-fi- (30b) 
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That is, the one polymer partition ratios are decreasing in both volume 
and negative fugacity. Equations (30b) and (4) together imply that IZ-p is a 
down- set. 

Proof of proposition 1. We prove the bound (17), for all 7 G A <<= V, by induc- 
tion over the cardinality of A and then take the limit A /*■ V . If = 0, then 
< /0 7 < = and (p\(—p) = 1 — p~ f = 1, independent of the cardinality of A. 
We therefore assume that p > for the remainder of this proof. The induction 
base with A = {7} is given by 

^ 7} H3 = i- P7 >i-^ = a^x. 

Pi Pi 

For the induction step let {£1, . . . , £ m } := I* (7) H A. Then 
_ 1 Pi 



by (29b) 



n<=ivs , \{ 7j fc,...,&_ l }H z ) 

r^"7 Pi n 

— L 7 5 we assume p 7 > (J 

^ a"ivX\ {7 ,« 1 ,..., fi _ 1} (-M) 

A*7 Pi 

fh n<=iPA\{ 7) fo,..,e < _ 1 }H 5 ) 

> 1-^(1 -^X(-P)) by (29b) 

P7 



>1-^ — 5 ^ — as p< /land by (30b) 



Therefore 



□ 



Proof of (22). The first part of this proof shows that uniform bounds on a cer- 
tain subclass of the one polymer partition ratios are already sufficient, while the 
second part gives such a bound. 

We say that a one polymer partition ratio, identified with (A, 7), is escaping 
iff I* (7) \ A 7^ 0. If (A, 7) is escaping, then every polymer in Z*( 7 ) \ A is an 
escape of (A, 7). Suppose we have, for p > 0, a uniform bound on escaping 
one polymer partition ratios. That is, the following limit is well-defined and 
non-zero: 

V 7 G7>,eeI*( 7 ) : V\ {e} i-P) := 7eA Hm {£} ^ v{£} (-p) >0. (31) 

Fix Ag?. As ("P, w ) is connected, there is at least one polymer £|a| £ A with 
(A, £| A |) escaping. Iterating this argument, for A\ {£|a|}j we obtain 

n 

S A (z) = H<p%(z), (32) 
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where Aj := {£1, •••,&} and all factors are escaping. Therefore (31) implies 
pe TZ V . 

In the second part we show that p<p™ d {p) < p (22) implies 



V 7 eP,£eI*(7),7e K^V\{e}: y>i(-p) > - 



+ /i 7 



(33) 



The claim follows by induction over |A|, simultaneously over all 7 € V and 
e G I* (7). The induction base is 



Piyyi-P) = 1 ~ Pi 



> 1 



fo cd (p) 



> 1 - 



1 



1 + ^7 1 + ^7 



For the induction step let (A, 7) be escaping and set {£1, . . . ,£ m } := An I* (7). 
Then m < D 7 — 1 and every (A \ {7,^1, . . . , on the rhs of (29b) is 

escaping, too. Hence 



1 



Pi 



> 1 



^i^a 



n^a-A*)- 1 



n (i 



> 1 - 



mm 

eel* (7) 
P 1 W; eel*(7)\{e} 
X — 



> 1 



1 + ^7 

P~/ 



n^a-^)- 1 



1+^7 



X 1 



by (29b) 
by induction 

by (22) 
cancelling 



1 + P-y 



□ 

Example 7. We show that there is a polymer system, on which the analyticity 
of the one polymer partition ratios breaks down in the limit at a boundary point 
of IZ-p, for a non-physical negative real fugacity. 



Let (V, ~ ) be isomorph to an infinite Z?-regular tree, modulo the loops at 
each vertex. Fix an end E, that is an equivalence class of rays, of the tree. For 
7 G V, let F 7 be the set of polymers further away from E than 7. These are the 
polymers, for which the ray starting at the polymer and being equivalent to E, 
passes through 7. We have the decomposition 

F 7 :={ 7 }W l+l Ft, (34a) 
texHi)\{£} 

where e is the unique polymer incompatible with 7 which is closer to E than 7. 
Homogeneous fugacity pi and the transitivity of (V , ~ ) imply that 

a{p):=^{-pl) (34b) 
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(D— 1)( D ~ 

is well-defined for p < - — -jy^ := p* [She85J. The fundamental identity 

(29b) yields 

_P 

a{p) 

By (30a) we have the limit 



a (p) = 1 - „ • ( 34c ) 



lhn «(/,)=«(//) = ^ D -^. (34d) 

P^P* D 



But the derivative is 

'da 



dz J ^ a(p) D - 2 D[a(p*) - a{p)} ^ 



and diverges as we approach p* 

hi- , ., 

p->-p* V t)z 



'in. (''!'.' x. CUD 



4 The tree-operator framework 

This section reviews the tree-operator framework. The two key ingredients are 
Penrose's identity in section 4.1 and tree-operators in section 4.3. They work 
together in the following way: Penrose's identity rewrites each Ursell function as 
a finite sum over a finite family of trees. We then enlarge the family by cutting 
each tree into depth k pieces and only keeping constraints within those pieces. 
The relaxed constraints allow us to write a weighted series over Ursell functions, 
as appearing in a cluster expansion, as the limit of a repeated application of a 
depth k tree-operator. The tree-operator builds the enlarged family of weighted 
trees by summing over all possible reassemblings of trees from the above pieces. 

The above weighted series converges iff the tree-operator has a finite fixpoint. 
In section 4.2 we recapitulate a classic fixpoint theorem by Tarski. A sufficient 
condition for the fixpoint theorem then becomes a SCUB for the polymer system. 
Section 4.4 exemplates this procedure by spelling out a generic depth k SCUB 
for the pinned series. 



4.1 Penrose's identity 

Let G := (V, E) be a finite, simple graph. Then Cq is the poset of all spanning 
subgraphs of G with partial order given by 

H <H' & E(H) C E(H') . 

For L, U € Cq with L < U, the interval from L to U is defined as 

[L, U] := {H € C G : L < H <U} . 

A particular subset of Cq is 7g, the set of all spanning trees of G. A function 
S : Tg — > Cq is a partition scheme of Cq [Pcn67, before (5)] iff 

C G := |+J [T, S(T)} . (35) 

TeT G 
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Define the set of singleton trees with respect to S (short S-trees) by 

T S (G) := {T € T G : T = 5(T)} . (36) 

Theorem 8 (Penrose [Pen67, equation (5)]). If S is a partition scheme ofCc, 
then 

£ i - 1) \EW\ = { - 1) V\-i lTs{G)l (37) 

The number of S-trees is independent of the choice of S. 
Proof. Let (x e ) e ^E be a vector of numbers. Then 

e n *« = £ n ^ e n*/ 

HeC G e£E(H) TeTc e££(T) FCE(S(T))\£(T) /£F 

= e n ^ n (*+*/)• 

TeT G eG-E(T) /e£(S(T))\£(T) 

Set all £ e = —1. This cancels all the contributions from trees with T ^ S(T), 
while for every T £ T S {G) the contribution is (-l)!^" 1 . □ 

4.2 A fixpoint theorem 

In this section we present an adaption of a well known fixpoint theorem on lat- 
tices by Tarski [Tar55]. For some countable set of labels C, let X := [0,00]^ be 
the lattice with partial order x < y, that is coordinate-wise comparison of the 
vectors: V I € L : xi <yi- 

We say that a function <j) : X — > X preserves the order iff 

Vx,yeX: x <y => <j>{x) < <j>{y) . (38) 

The set of decreasing points of 4> is 

Df.= {tzX 1 <!>{$)<$)}. (39) 

A sequence (^™')„gi of elements of X is said to be non-decreasing and non- 
increasing iffVneN: y^ < y( n+1 ) and if n ^ > if n+1 ^> respectively. 

Proposition 9 (after [FP07, proposition 8]). Let <f> : X — > X be order-pre- 
serving. If there is a jl £ D^, then (<^ n (0)) n6 N * s non- decreasing with limit p* , 
(0"(/i)) ne No is non-increasing with limit jl* and we have 

= F < m* = m) ■ (40) 

In particular, p" € [0, oo[ £ iff H [0, oo[ £ ^ 0. 

4.3 Depth k tree-operators 

The aim of this section is to show a generic result for depth k recursive con- 
structions of weighted, labelled, finite trees and convergence of certain series of 
those trees. It generalizes [FP07, proposition 8 and parts of proposition 7]. 
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Let 1= be the set of rooted, finite trees of depth n, 1^ := |+) m<n the set 
of rooted, finite trees of depth at most n and :— l+J meN[) the set of rooted, 
finite trees. Denote by p(t) the number of rooted automorphisms of t (they fix 
the root). Let £ be a countable set of labels. A function c : C v ^ —> [0, oo[ is 
t-invariant iff it is invariant under all rooted automorphism of t. We denote by 
Li(t) the i-th level oft and by W(t) the non-root vertices of t. Finally V k is the 
rooted subtree of t with root v and depth k. 

Let T n be the set of trees with vertex set [n} and root 0. Consequently 
Too ■= l+J„> 7^. For r € Too we denote its unlabelled version by i(Y) G 1< . 



Proposition 10. Fix k G N. Let (ct) tp2 -< ^ e a collection of non-negative func- 

k 

tions, with each c t begin t-invariant. Let X :— [0, oo] and p G X. Consider 
the operator Tp : X — > X , defined V I G C by 

[?>(/%:= Jta E II PA. II MA.- (41a) 

teir Ae{;}x£i"-(*)i veL t (t) weL k (t) 

k 0<i<fc-l 

// there exists ft 6 X smc/i £/iai 

Tp(fi<P, (41b) 
i/ien i/ie family of series, indexed by C, 

1 - 

^ : =E^ E E II ^«)( A v«))II^ ( 41c ) 

™>0 Ae{i}x£" T e^n i£[n] i=0 
d T (0,i)=0modfc 

converges uniformly, as 

R(p) = lim TS(p) = I>(i*(p)) < 0. (41d) 

Proof. Omitting some tedious rewriting of R(p), which can be found in [Tcml2, 
section 5.4.5], we obtain that V/ G C: 

mh = E E E E ^Sf 1 n ■ 

Taking the monotone increasing limit, we see that 

i?(p) = lim [77(0)] . 

The operator has only non-negative coefficients, hence is order preserving. 
Apply proposition 9 together with condition (41b) to see that R(p) is the least 
fixpoint of Tp and that (41d) holds. □ 

The following proposition is an extension of arguments in [BFPS11, ap- 
pendix] : 
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Proposition 11. Suppose that Tp > p(l + ft) and (41b) holds. Decompose 
Tp =: p(idx + Sp) by splitting off the root of each tree. Likewise decompose 
R(p) ='■ pQ(p). Then Sp> is order-preserving, p < 1 and we refine (41d) to 

yieC: [Q(p)} l < [ 4^ i <oc. (42) 

Proof. As R(p) and Q(p) increase in p, we assume without loss of generality 
that p, > p > or fall back on a smaller polymer system omitting the entries 
of p. We have 

p(l + p)<Tp(p)<p, 

whereby 

VI € £ : p; < — — < 1. 

1 + Pi 

Thus 

pQ(p) = R(p) = 7>(i?(p)) = p (id* + Sp)(R(p)) = pR(p) + Sp(R(p)) , 
whence, ignoring entries of p and as Sp is order-preserving, 
Q(p) = pQ(p) + Sp(R(p)) < pQ(p) + Sp(p) . 

□ 

4.4 Pinned series depth k approximation 

The classic case aims to uniformly bound the so-called pinned series 

(h %(p):=/ h ^^^(-^=/ h Y l ^ E W7,aif[(-ftJ- (43) 



n>0 



£&V n 



This section extends [FP07, proposition 7] to level k approximations. By 
) an upper bound on the pinned series is equivalent to a lower bound on the 
one polymer partition ratios. For basic notation see section 4.3. 



Proposition 12. Fix k £ N. Suppose that we have a family of t-invariant 
functions (ct) t63 -< such that 

V£eP n+1 : |u(Co,...,UI< E II c t(Tl)(iv(K)) ■ (44a) 

rGT„ ie[n] 

d T (0,i)=0modfc 

Let X := [0,00]^ and p G X. Consider the operator Tp : X — > X defined 
V7 € "P fry 



/2^[t^)] 7 := 53 ^ n n ( 44b ) 

fc 0<i<fc-l 

// i/iere exists p G X swc/i £/iai 

Tp{p)<p, (44c) 
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then p < 1 and 

p*Go)</Z. (44d) 
This implies that p € Int IZ-p and p < 1 . 
Proof. Setting L := V in (41c), condition (44a) implies that 

1 - 

n>0 |" 6 { 7 } x -pm i=0 

1 " 

^E^ E E n ^)«v W) )II^ = ™]7. 

™-° ££{-r}xv n reT " »e[n]o i=o 

ci T (0,i)=0modfc 

Then (44d) follows from (41d). The relation (69) implies that p e lntU v . 
Finally, if p 1 > 1, then (30a) and the fundamental identity (29b) imply that 
ifp(-p) < 0, a contradiction to p e IntTvL-p. □ 

5 Explorative partition schemes 

Section 4.4 shows how to majorate the pinned series with the help of a tree- 
operator. The tree-operator constructs the enlarged family of trees locally. For 
the tree-operator approximation to be tighter, it has to keep as many restric- 
tions as possible from the original family of singleton trees. This is easier, if the 
partition scheme places primarily local restrictions on its singleton trees. This 
section describes such schemes. 

We recall some facts about the anatomy of a cluster in section 5.1. The mo- 
tivation and description of explorative partition schemes, which have the above 
outlined qualities, are in section 5.2. They built upon the implicit breadth-first 
search algorithm present in Penrose's partition scheme, which we recast in the 
explorative style in section 5.3. Our new partition scheme, which advances selec- 
tively based on the structure of the cluster, is in section 5.4. Finally, we outline 
the main parts of an explorative partition scheme interpolating between the 
greedy behaviour of Penrose's partition scheme and our new partition scheme 
in section 5.5. 

5.1 The anatomy of a cluster 

Let J be a finite set and G(£) be the induced graph of £ € V 1 . We emphasise 
the fact, that the coarse structure of G(£) resembles the one of the polymer 
subsystem (supp£, «) of its support. See figure 5 for an example. Formally, 
there is a polymer partition (G 7 ) g supp £ °f I> with 

V 7 esupp£: G 7 :={ie/:&= 7 }- (45) 

The graph G(G 7 ) is a complete subgraph of G(£). For two distinct polymers 
7,7' € supp£ there are either no edges at all between G 7 and Gy, that is 
E(G 7 ,G 7 ') = iff 7767', or all possible edges are present, that is iff 7^7'. 
ft follows that G(£) is connected iff (supp£, as) is, and in this case G(£) is a 
cluster. 
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<L b c 

1 1/ 





Figure 5: Anatomy of the cluster of G((a,a,b,c,a,d,c,e)) on the left, for 
the incompatibility graph of its support ({a, b, c, d, e}, on the right. We 
clearly distinguish the structural constraints G((a, a, b, c, a, d, c, e)) inherits from 
({a, b, c, d, e}, «). 

5.2 The basic idea 

Let G :— (V,E) be a simple graph. The aim of this section is to introduce 
partition schemes of Cq described by an exploration algorithm. The algorithm 
selects a spanning tree from a spanning subgraph. It does so by an iterative 
exploration of the subgraph. The complement to the algorithm is a sufficient 
compatibility condition to uniquely reconstruct the maximal subgraph reducing 
to a given spanning tree from said spanning tree. 

Given H £ Cq and a root o, the generic exploration algorithm Seen 13 selects 
a spanning tree of H by starting at a root o and growing the tree iteratively: 
during each iteration it considers all the nodes neighbouring its deepest level, 
selects at least one of those neighbours, adds each selected vertex and one of the 
edges leading to it to the tree and removes all superfluous edges, including those 
to ignored vertices. This prescription guarantees the selection of a spanning tree 
of H (see proposition 15). 

We discriminate between two types of information: the static information 
is our knowledge of the structure of G, the choice of the root o and all other 
information we may have about G, like labellings or orderings of elements. The 
dynamic information is the information we gather about H during its explo- 
ration, including properties as connectedness and selection of vertices. 

The complementary procedure takes a tree T € 7g and partitions E \ E(T) 
into the admissible edges AcenO?) and the conflicting edges CQ en {T). If this par- 
tition is compatible (47) with the exploration algorithm 13, then the preimage 
of the Seen defines a partition scheme Gen (see proposition 16). The compati- 
bility is satisfied iff all the dynamic information used in £ Q en to select at vertex 
on level n of the T from H is a function of the first n levels of T (and the static 
information) . 

A partition scheme is explorative iff it can be described in the above way. 
The motivation for the formalisation of explorative partition schemes is that the 
exploration algorithm 13 advances locally through the graph. Hence we hope 
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to deduce local properties of the singleton trees of such a scheme from the local 
structural properties of G. 

In the rest of this section we formalise and prove the correctness of the 
outlined idea, resulting in the generic explorative partition scheme Gen. We fill 
the gaps in Gen's specification in later sections, resulting in different partition 
schemes. 

Algorithm 13 {Gen exploration). Let H G Cq- We construct a sequence 
(Hfc)fegNo °f subgraphs of H starting with Hq := H and a sequence (Tk)kefi a of 
subsets of V starting with T := {o}. We think of T k as the explored tree part 
of H k . We construct H k +\ from Hk by the following steps: 

(gb) Let the unexplored part be U k '■= V \T k . Let the potential nodes P k 
be the set of neighbours of T k in U k and the boundary Bk be the set of 
neighbours of Uk in Tk- SELECT a subset S k of Pk, containing at least 
one vertex from C PI Pk for every connected component C of H k \jj k . Call 
these the selected nodes. Set T k +\ := T k t±J S k . 

(gi) Let the ignored nodes be Ik := Pk\ Sk- REMOVE all the edges in 
E(Bk,h)nE(H k ). 

(gp) For each v G S k SELECT (v,w v ) G E(B k , S k ) n E(H k ). 

(gu) For each v € S k REMOVE all (v, w v ) ^ (v, w) G E(B k , S k ) D E(H k ). 

(gc) REMOVE all of E(S k ) n E{H k ). 
See also figure 6. 

Remark. Observe that all steps factorise over connected components of H k \u k - 
We can schedule the iterations on different connected components in parallel 
and in arbitrary order. We can advance further into one connected component 
and explore it further without independently of the exploration of the other 
connected components. 

Proposition 14. The following invariants holdyk G N in algorithm 13: 



H k+1 < H k (46a) 

Hk\r k is a tree (46b) 

H k E C G (46c) 

H k+1 \ Th = H k \ Th (46d) 

H k \u k =H\ Uk (46e) 

(E{U k ) W E(Uk,B k )) n E(H k ) = {E(U k ) W E(U k , B k )) n (46f) 

yi>k: v G ^ O d Hl {o,v) = k (46g) 

C 5 fc (46h) 



Remark. We can replace every occurrence of E(H k ) by B(J?) in algorithm 13. 
This follows from invariant (46f), which asserts that for each edge there is exactly 
one iteration of the exploration algorithm during which it is either selected or 
removed. 
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Figure 6: The generic exploration algorithm 13 constructing H k+ \ from H k . 
The notation is from algorithm 13. 

Proof. Invariant (46a) is clear as we obtain H k+ \ from H k by removing edges. 
Invariant (46e) follows from (46f). Invariant (46d) follows from (46b) and the 
subgraph relationship (46a). 

(46h): (gi) ensures that all connections in H k+1 between B k and U k+ i go 
over Sk- By induction these are all connections in H k+ \ between T k and Uk+i- 

We prove the other invariants by induction. They all hold trivially for k = 0. 

(46b): The subgraph H k+ i\x k+1 consists of H^+iliV) the vertices S k and 
the edge sets E(T k , S k ) n E(H k+1 ) and E(S k ) n E{H k+1 ). By (46d) and (46b) 
H k +i\r k = H k \ Tk is a tree, (gc) ensures that E(S k ) H E(H k+1 ) = 0. (gp) and 
(gu) ensure that each v £ S k has a unique neighbour in T k in H k+ i\x k+1 - Thus 
H k+ i\ Tk+1 is a tree. 

(46c): The tree H k+ i\ Tk+1 (46b) is connected. If v € U k +i, then (gb) asserts 
that there exists a connected component C of H k \jj k such that v E C. (gb) also 
asserts that there exists a, w € C f) S k such that: (gp) asserts that there exists 
a, z E T k with z^w in H k and from (46e) it follows that H k+ i\u k+1 = H k \u k+1 - 
Thus v <H- to <H- z o o and H k+ \ is connected. 

(46f): During iteration fc (gi), (gu) and (gc) only remove edges in E(B k , P k ) 
or E(S fc ). Thus £;(i7 fe+1 ) n E(H k ) and by (46g) E{B k+u U k+1 ) n = 
E(S k ,U k+ i) n E(H k ) are subsets of E(H k+ i). The statement (46f) follows by 
induction over fc. 
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(46g): If v G T k , then d Hk+1 {o,v) = d Hk (o,v) = k, as H k+1 \ Tk = H k \ Tk by 
(46d). It rests to show that 

V G Sk d Hk+1 (o, v) = k + 1 . 

If dfi k+1 (o, v) = k + 1, then v T k := l+jf =0 ^fe an< ^ there exists a w with 
(v,w) G E(Hk+i) and dfi k+1 {o,w) — k. Thus w G £?fe. By (gi) and (gu) the 
only neighbours of in in the graph H^+i are those in S^. 

On the other hand if v G Sk, then, as Hk+i\r k+1 is a tree (46b), it has a 
unique parent w G Bj. C Sfe_i (4Gh). As w is u's only neighbour at distance k 
from the root in Hk+i (46g) we have dn k+1 (o, t>) = dn k+1 (o, w) + 1 — k + 1. □ 

Proposition 15. Algorithm 13 describes a function £ Gen '■ C G — > T G . It is 

monotone decreasing, that is V_ff G C G : £ Gen (H) < H. 

Proof. Let H G C G and apply algorithm 13 to it. We observe that if Tk = V, 
then Hk = H^+i- But as long as Tj. ^ V we have Sk ^ (as Hk G C G by 
(46a)) and therefore (Tk)keN grows strictly monotone to and then stabilises 
in V in at most \V\ steps. This implies that the monotone decreasing (46a) 
sequence (Hk)keN °f subgraphs of H stabilises in H\v\- Finally (46b) asserts 
that H\y\ = H\y\ \x iv , is a tree and (46c) that H\v\ G Cff and thus i?|y| < -ff . □ 

Proposition 16. Let £ Gen be as in proposition 15. For each T G T G , partition 
E(T) into the admissible edges A Gen (T) a-nd the conflicting edges C Gen (T). If 
for each H G £ G l n ^), we have 

VeeA Gen (T)\E(H): £ Gen {(V, E{H) W {e})) = T (47a) 

and 

yCCC Gen (T)\E(H): £ Gen {{V,E{H)\HC))^T, (47b) 
then the map 

Gen : T G -> C G T h-> Gen(T) := (V, E(T) HI A Gen {T)) (48) 
is a partition scheme of G with [T, Gen(T)] = £gg n (T). 

Proo/. Fix T G T G . For A C A Ret (T) and C C C Ret (T) let ff (A>c) := (V, E(T) W 
AW C). We show that G [T, GenT] iff G = 0. 

First, assume that G = 0. We argue by induction over the cardinality of 
A. For the induction base with A = we have -ff(0j) = T and £ Gen (T) = T. 
For the induction step consider A := A' tfcl {e}. By the induction hypothesis 
£ Ge „(iJ(A'j)) = T. As e G -4.Gen(T) we apply (47a) to see that £ Gen (H (A $)) = 
T, too. 

Secondly, assume that G 7^ 0. We already showed that £ G en{H^ A ^) = T. 
Therefore (47b) implies that £t(H(a.c)) 7^ T. □ 
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5.3 The Penrose or greedy scheme 

Let / be a finite and totally ordered set. Let G := (I, E) be a connected graph. 
We present a formulation of the first partition scheme by Penrose [Pen67, equa- 
tion (6)] or [FP07, section 4.1] in the explorative style of section 5.2. The static 
information comprises the total order on I, the structure of G and the choice of 
the root o G I. 

We call Pen also greedy because of the choice of S k in (pb). Algorithm 17 
flood-fills H. This means it incorporates a parallel version of Dijkstra's single- 
source shortest path algorithm [Dij59],[KV06, page 145] on a graph with unit 
edge weights. 

Algorithm 17 (Pen exploration). Let H G Cq- For every k, let H k , T k , E/fc, 
Bk and Pk be as in algorithm 13. The missing specification to go from Hk to 
H^+i on a connected component C of Hk\u k is: 

(pb) SELECT C n S k := C n P k . 

(pi) As C H I k = REMOVE nothing. 

(pp) For ieCnS k let 3l := argmm{j G B k : (i,j) e SELECT (»,£). 

(pu) For i g C n 5,, REMOVE all (i,j) € S(ir fc ) with jj ^ j € 
(pc) REMOVE all of E(C n 5 fe ) n S(if fc ). 

Proposition 18. The function Ep en described in algorithm 17 is Cq — > Tg and 

monotone decreasing, that is \f H <= : £p en (H) < H. 

Proof. Follows from proposition 15. □ 

Algorithm 19 (Pen tree edge complement partition). Let T e Tg. Let Lf. 
be the k th level of T. We partition E \ E(T) into A Pen (T) W C Pe „(T). Let 
0<k<l,j£L k ,ie Li and e := (i, j) G £ \ E(T). Then e G C Pen (T) iff one 
of the mutually exclusive conditions (49) holds: 

l>k + 2, (49a) 
I = k + 1 A j <p(i). (49b) 

And e G Ap en (T) iff one of the mutually exclusive conditions (50) holds: 

k = l, (50a) 
I = k + 1 A j > p(i) . (50b) 

Proposition 20. The map 

Pen : T G -> C G T ^ Pen(T) := (I, E(T) W Ap en (T)) (51) 
is a partition scheme of G with [T, Pen(T)] = fpe n (T). 

The proof of proposition 20 is in appendix 9. We specialize to the case of 
G := G(£) being the cluster induced by a vector £ G "P 7 . This increases the 
static information about G - its structure is a function of £. 
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Proposition 21 (Properties of 7p e n(G(£))). Let T £ 7p e „(G(^)) and let Ci be 
the set of children of i inf. Then 

V/c £ No : supp^L fc is an independent subset ofV (52a) 
supp^ i s an independent subset ofTfa) (52b) 
|Ci| = |supp|* Ci |. (52c) 

Proof. Fix k. Suppose we have i,j £ L k with then e := £ £ as 

G = is the cluster off Hence by (50a) e £ E(Penf) and thus Pen{T) ± T. 
This shows (52a), which implies (52b), which in turn implies (52c). □ 

5.4 The returning scheme 

Let / be a hnite and totally ordered set. Let £ £ V 1 and G :— G(£). Assume 
that G is connected, that is it is a cluster. We present an explorative parti- 
tion scheme Ret adapted to clusters. The static information comprises the total 
order on /, the cluster structure of G given by £ and the choice of the root o £ I. 

The partition scheme is called returning, because it prefers to select children 
with a different polymer label. This preference creates loops back to the same 
C 7 partition of H, if possible. For the singleton trees, this means that polymer 
labels of paths from the root do not return to the same label (after having left 
it). In particular we do not return to the last visited different label, which gives 
us a similar effect as the escaping pairs in the section 3. The key idea of this 
section is the conceptual duality between: the explorative algorithm should do 
- what I do not want to have in the singleton trees. See proposition 26 for the 
exact properties of the singleton trees. 

Algorithm 22 (Ret exploration). Let H £ Cg- For every k, let H k , T/., Uk, B k 
and Pk be as in algorithm 13. The missing parts to construct Hk+i from Hk are: 

Call an edge £ E(C n P k ,B k ) n E(H) same (or S) iff & = ^ and 

different (or D) iff £j ^ £j. Likewise call a vertex i £ Pk same iff all such (i,j) 
are same and different iff there exists such a non-same Finally we say that 

a connected component C of Hk \ u k is same iff all vertices in C n Pk are same 
and different iff C n Pk contains at least one different vertex. 

If C is an S connected component of Hk\u k '- 
(rbs) SELECT C n S k := C n P k . 
(ris) As C H J fc = REMOVE nothing. 

(rps) Fori G CC)S k let ji := argmm{j £ B k : £ E{H k )}. SELECT (*,£). 
(rus) For i e C n S k REMOVE all (i,j) £ E(H k ) with j, ^j£ B k . 
(res) REMOVE all of E(C n S fe ) n 

If C is a D connected component of Hk\u k '- 
(rbd) SELECT C H S k :— {i £ C H P k : i is D}. 
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(rid) Cn/fe = {i G CnP k : i is S}. REMOVE all of E(B k , (Cnlfc)) n E(H k ). 

(rpd) For i G C*nS fc let j» := argmin{j G S fc : (i,j) G is D}. SELECT 

(hji)- 

(rudd) For i G C n S fc REMOVE every D (i, j) G E(H k ) with j 4 B*. 
(ruds) For i e C n S k REMOVE every S G E{C n S k , B k ) n E(fTfc). 
(red) REMOVE all of £(C n S k ) n 

Proposition 23. TTie function Suet described in algorithm 22 is Cq — > Tg and 

Proof. Follows from proposition 15. □ 

Algorithm 24 {Ret tree edge complement partition). Let T 6 7c?. Let be 
the k th level of T. First we determine if an edge (p(i), i) is a same or non-same 
edge: 

s: I\{o}^{S,D} i^l* & = (53) 

For k > 1 define the equivalence relation ~(fc) on by 

* ~ W i ^ *(P(o, *) \ W) - *(P(o, j) \ {o}) , (54) 

where the equality on the rhs is taken in {S, D} fc . This implies that an equiv- 
alence class consists of either only same or only non-same nodes and whence 
we can extend s to them. For completeness let ~(q) be the trivial equivalence 
relation on L = {o}. The equivalence classes possess a tree structure consistent 
with T: 

i ~(fc+i) 3 => P(i) ~(fc) P(j) , (55) 

that is equivalent vertices in L k+ \ have equivalent parents in L k . We therefore 
call [p(i)](fc) the parent class of [i](fc+i). 

We partition E \ E(T) into ^Het(T) h)C Ret (T). Let < k < I, j G L fc , i G L; 
and e := (i, j) € E \ E(T). Then e € C^ et (T) iff one of the mutually exclusive 
conditions (56) holds: 



\j](k) £-P([o](o), [«](/))> (56a) 

'>2A G P([o] (0 ), [p(p(i))](i-2)) A 6 ^ , (56b) 

'>2A G P(M(o), [p(p(*))](;-2)) A & = & A s(C) = S , (56c) 

where C G P([j]( fe ), [p(«)](z-i)) the unique class with p(C) = [j]( fe) , 

i>lA \j] {k ) = [p(%-i) A & ^ & A = DA j< J>(») , (56d) 

i>lA L?1(fe) = [P(*)](l-i) A 6 ^ & A «(») - S , (56e) 

i>lA L?1(fc) = [P(*)](l-i) A = & A = S A j < p(t) . (56f) 

And e G >lijet(T) iff one of the mutually exclusive conditions (57) holds: 

bl(fe) = W(0 i (57a) 
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1>2A [j] (k) £ P([o} m , |j>(p(i))]{i-2)) A 6 = & A s(C) = D , (57b) 

where C £ P([j]( fe ), [p(i)](z-i)) the unique class with p(C) = [j]( fe) , 

'>1A = p([i] (0 ) A & ^ 6- A = D A j > p(i) , (57c) 

'>1A [i] (fc) = p([i] (0 ) A ^ = & A s(i) = D , (57d) 
'>1A [j] ik ) = p([*](o) A ^ = & A s(t) = S A j > p(t) . (57e) 

Remark. Of particular importance are the deep edges in (57b). This is where we 
use the particular structure of G(£). Paths in the tree returning to a previously 
visited polymer find here always an admissible edge to add, thus excluding the 
tree from 7itet (<?(!))• 

Proposition 25. The map 

Ret: Tg^C g T Ret(T) := (7, E(T) W A Ret (T)) (58) 
is a partition scheme of G with [T, Ret(T)] = £^ t (T). 

Proof. If we admit that the partition in algorithm 24 satisfies the compatibility 
condition (47), then proposition 25 is a direct consequence of proposition 16. 
Thus we show (47) for £# et and An e t(^)- 

Fix T £ T G and H £ S R l t (T). Let < k < I, j £ L k , i e L t and 
e := (i,j) 6 E \ E(T). Let (H n ) neNg and (T n )„ eNo be the sequences associ- 
ated with H from algorithm 22. For ^ F C E \ E(H) set H := (I, E(H) l±l F) 
and let (H n ) ne jq and (T rl )„ e N be its associated sequences from algorithm 22. 

We define the influence level m(e) of e as the unique solution of [j](fc)^[*](z) ( ~ 
L m (e)- We claim that for each N £ N (compare with (65)): 

(Vc e F : m(e) > JV) (^JtJLo = (4jf„)n=o • (59) 

To show (59) we proceed by induction over n, for n £ [N]q. By definition 
Hq I T = Ho\f . For the induction step from n < N to n + 1 we show that 
algorithm 22 is not influenced by the presence of such an e £ F. The addition 
of e does not change P n nor the s classification of its vertices compared to P n . 
Let i and j be the ancestors of i and j at level n + 1 of T respectively. Then they 
are both in P n and P n . As [i]( ra +i) = D]( n +i) m ^ we have two possibilities in 
H n \u„'- both i and j are classified S and in an S connected component of H n \jj n 
or both i and j are classified D and in a D connected component of H n In 
both cases the presence of e in H could merge the connected components of i 
and j in H n \u n respectively into one connected component of H n \jy , but only 
of the same classification. Therefore all vertices in P n = P n end in connected 
components of H n \u n and H n \jy of the same classification respectively. Thus 
S n = S n and T n =T n . Finally the selection of the parent in (rbs) and (rbd) 
is independent of H n \u n and H n \fj in all possible combinations. We conclude 

that H n+1 \T n+1 = H n +i\f ■ 

Observe that if e £ -4j? e t(T), then by (57) e has influence level k. To show 
(47a) we assume that F C .4^ et (T). If e is of type (57a), then it is removed 
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during iteration (k — 1) by (res) or (red). If e is of type (57b), then it is 
removed by (rid) during iteration k. If e is of type (57c), then it is removed 
by (rudd) during iteration k. If e is of type (57e), then it is removed by (rus) 
during iteration k. If e is of type (57d), then it is removed by (ruds) during 
iteration k. 

To show (47b) we assume that F' := F n C Pen {T) ^ 0. Choose e£ F with 
m(e) = N := min{m(/) : / e F'} minimal. We demonstrate that the presence 
of e causes (H n \x n ) n e^o to diverge from (H n \f ) n eN exactly at level N + l, that 
is (59) holds and H n+ i\ Tn+1 ^N+i\f N+1 - We go through all the cases of (56): 

Case e of type (56a): It is evident that N < fcVZ. Hence there exist ancestors 
i and j of i and j in L N+1 respectively with [p(i)](jv) = [pO)](AO = [j](fc)^W(/) Q 
Ljv {i = i hT I = N possible. Same for j and j). It also follows from (56a) 
that [i]nv+i) 7^ [t](jv+i)- This means that during iteration N of algorithm 22, 
without loss of generality in that order, i is classified as S in an S connected 
component of Hn\u n and i is classified as D in a D connected component of 
Hn\u n - The addition of e in H places i and j in the same connected component 
of tildeHM | jj N , via the path i «-> i «-> j f-> j. This means that i is an S vertex in a 

D connected component of fljv|# and thus is not selected into Sn by (rbd). 
Thus T N+ i ^ f N+ i. 

Case e of type (56b): Here N = k. Let i be the ancestor of i with 
P(W(JV+i)) — L?] (at) - As £j ^ the addition of e in classifies i as D in 
step N. Therefore i £ S N by (rbd), but T N . Thus ^ Tjv+i. 

Case e of type (56c): HereA r = /c. Let i be the ancestor of i with p([i](jv+i)) = 
[?](//)• As & — £j the addition of e in classifies i as S in step N. As if>i 
in iJ]v|f7iv ano - bence we know that i is in a D connected component of 

Hjsr\jj N , namely the one of i. Therefore i 6 Sn by (rbs), but i ^ Tjy. Thus 
Tn+i 7^ Tn+i- 

Case e of type (56d): Here N — k. Let i be the parent of i in [j'Wv The 
addition of e in H lets (rpd) select j to be the parent of i in TV+ilf' ^ Thus 
Tn+i Tn+i- 

Case e of type (56e): Here N — k. Let i be the parent of i in [j](N)- The 
addition of e in H classifies i as D during step N instead of S. Therefore its 
parent in Tjv+i]^ x is chosen by (rpd) instead of (rps) and is not i any more. 

Thus Tjv+i 7^ Tjv+i. 

Case e of type (56f): Here N = k. Let i be the parent of i in [j](jv). The 
addition of e in H lets (rps) select j to be the parent of i in Tn+i | fw+i ' Thus 
Jjv+i 7^ Tjv+i. □ 

Proposition 26 (Properties of Tn e t{G (£,)))■ Let T E T/? e t(G(^)) o?t,c? let Ci be 
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the set of children of i in T. Then 

laMsuppfcJ (60a) 

(supp^) \ is an independent subset o/X*(^) (60b) 

Vfc G No,i G L k ■ supp^]^ is an independent subset ofV (60c) 

Vi G / \ {o} : i is D =► & g supp£p( 0iP(i)) . (60d) 

Proof. Fix k and let i,j G L k+ \ with i ^(k+i) j- If £i then e := (i, j) G -B 
as G = G(|) (6). Hence by (57a) e G E(RetT) and thus i?ei(T) ^ T. This 
shows (60c), which implies (60b), which in turn implies (60a). 

Suppose there exists a vertex i violating (60d). If p(i) = o we have a direct 
contradiction to the D classification of i. If p(i) ^ o, then the violation implies 
the existence of j, j G P(o,p(i)) with dj(o 7 j) + 1 = d-r(o,j) < df(o,i) and 
Ci = 6j 7^ £j- Take such a j minimal with respect to dj(o,j). Consider the edge 
e := (j, i), which is in E due to the fact that G — G(£) (6). It is admissible with 
respect to T of type (57b). Hence e G E(Ret(T)) and thus Ret(T) ^ T. □ 



5.5 The synthetic scheme 

The synthetic scheme Syn interpolates between the behaviour of the greedy 
scheme Pen in algorithm 17 and the returning scheme Ret in algorithm 22. 
The static information comprises the total order on /, a vector g G {G,R} V * , 
the cluster structure of G(£), with £ G V 1 and the choice of the root o E I. 

We only state the exploration algorithm. We omit the edge partition for 
reconstruction from a tree and the correctness proof, as they mirrors the one for 
the returning scheme in section 5.4, with greedy and returning classes taking 
the role of same and different classes respectively. These greedy and return- 
ing classes are encoded by g: the greedy class contains all children with the 
same polymer label or with 9(^ v ^ p(v) ) — G, while the returning class those with 
= R 

Algorithm 27 (Syn(g) exploration). Let H G Cq. For every fc, let H k , T k , U k , 
B k and Pk be as in algorithm 13. The missing parts to construct H k+ \ from 
Hk are: 

Call an edge (i,j) G E(C H P k ,B k ) n E(H) greedy (or G) iff b^^ = G 
and returning (or R) iff b^ it ^ = R. Likewise call a vertex i G Pk same iff all 
such are greedy and returning iff there exists such a non-same (i, j). Fi- 
nally we say that a connected component C of H k \jj k is greedy iff all vertices in 
CnPfe are greedy and returning iff CC\P k contains at least one returning vertex. 



If C is an G connected component of H k \u k : 
(sbs) SELECT CflSt :=Cn P k . 
(sis) As C n I k = REMOVE nothing. 

(sps) For i G CC)S k let % := argmin{j G B k : G E(H k )}. SELECT 
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(sus) For ieCnS k REMOVE all e E(H k ) with j t ^je B k . 
(scs) REMOVE all of E{C n S k ) n E(H k ). 

If C is a R connected component of iJ^I^: 
(sbd) SELECT C n Sjt := {i G C n P k : Us R}. 

(sid) Cnifc = {i € C*n P fe : i is G}. REMOVE all of E(B k , (C H I k ))H E(H k ). 
(spd) For i G CnS'fe let j t := argmin{j G B k : G is R}. SELECT 

(sudd) For i G Cn 5 fc REMOVE every R G with j 4 ^ j G S fe . 

(suds) For t G C n 5 fc REMOVE every G (i, j) G E(C n S fe , n £(-ff fe )- 
(scd) REMOVE all of E{C H S k ) D E(H k ). 

5.6 On the impossibility of globally excluding a fixed neigh- 
bour 

The holy grail would be a scheme excluding a globally fixed neighbour of each 
vertex. This is impossible, though. The counterexample is a polymer system 
("P, Rj ) isomorph (ignoring loops) to a large circle of size N. Take the cluster 
formed by £ G V N with supp£ = V, which is again isomorph to the circle of 
size N. It has TV spanning trees and only one of them can be expanded to the 
full circle. This means, that every partition scheme has N — 1 singleton trees 
on G(£). Fix the root and the globally forbidden neighbours. Then every finite 
family approximation not returning to forbidden neighbours contains at most 
one of those TV — 1 trees. Hence no partition scheme with globally excluded 
neighbours exists. 

6 Proof of the new SCUBs 

This section contains the proofs of the new SCUBS (22), (23) and (27). We use 
the new partition schemes, which give us more information about their singleton 
trees to use in our tree-operators. To carry this extra information over between 
successive applications of the derived tree-operator, we work on a space labelled 
by an extension of V with additional information. This is the multiplexing step. 
To obtain the SCUB we have project down onto a 'P-indexed space, leading to 
the max in (22), (23) and (27). 

We start with the returning SCUB (23) in section 6.1. Section 6.2 then 
proves the reduced SCUB (22) again, by showing that it is just a relaxation of 
the the tree-operator underlying the returning SCUB. The proof of the synthetic 
SCUB (27) does not use any new ideas beyond the ones present in the proof of 
the returning SCUB (23) in section 6.1. The notational load is much heavier, 
though, as everything is parametrised by g. We therefore omit this proof. 
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6.1 The returning SCUB 

In this section we prove the returning SCUB (23). The first part of the proof 
is the same as the one for the returning SCUB (22) in section 3. Thus we only 
have to deal with escaping pairs (A, 7), that is pairs with I* (7) \ A 7^ 0. Instead 
of the limit of the one polymer partition ratios f\{—p)i we look at the escaped 
pinned series 



= E^ E l»(7,6,...,60in/* 



(61) 



n. 



Bounding <f^,\j e y(—p) from below or ^^^(p) from above are equivalent 
(70). We show that if the returning SCUB (23) holds with non-strict inequality, 
then p < 1 and 



1 - Pi 



V (7, e) G V, : % tS) (p) < rx_^_^2 < «, . (62 ) 



Consequently p E TZ-p. Statement (62) is a consequence of an application of 
proposition 11 to a suitable tree-operator T and with Q being the escaping 
pinned series. This immediately implies that T has to live on a space indexed 
by TV The rest of the proof consists of: applying the scheme Ret to bound the 
Ursell factors in the escaping pinned series, deriving the tree-operator T and 
showing that it satisfies the conditions of proposition 11. 

Proof of (62). Let T € T Ret (G(£)). Property (60d) is equivalent to: 

Vt G I\{o} : G P(o,p(i)) : d T (o,j) < d r (o,j) < d r (o,i) A & = & ^ $ . 

Therefore the polymer labels of P(o, i) form a lazy self-avoiding walk on supp£. 
In particular we can look at the ordered sequence of avoided polymers for i G /. 
By (61) we only regard £ with supp£ C V \ {e}. Hence the avoided polymers 
for i are a polymer-valued sequence starting with e and adding £j if we use 
a D edge after j on the path P(o,i). The avoided polymers of o are (e) and 
therefore the sequence is non-empty for every i. Call £j the last polymer in the 
avoided-polymer sequence of vertex i. We have £j ~ Ei by construction for every 
i G /. Hence (&, G 

We focus on a vertex i and its children in T. Property (60b) implies that 
their polymer labels form a compatible set. And property (60d) implies, that if 
we have an S i then Si) = (Cp(i)i e p(i))j while if we have aDi then Si = £p(»). 
These constraints are determined by the extended labels (£j, £i)jg/. Set / := [n]o 
with o := n. We drop all other constraints on T, apply Penrose's identity (37) 
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and get 

|u(OI 
= \T Ret (G(i))\ 

= E [r e "WG(f))] (63a) 
rer„ 

<E II 0^(^,8,), (^,e n ),...,(^,e ls J). 

reT n ie[n] 

where the (sj)™_ denote the number of children of i in r and 

eo),...,(£n,£n)) 

:= e (n^ e *)=Ko,eo)] n 

AC[ n ] i^ie^i 

II & e ^o) \ {M, = Co] II ^ &] J • (63b) 

v ie[n]\A i#3£[n]\jl / 

The (c™ ul )„ e N are the tree-invariant functions of the labelled, rooted trees con- 
sisting of the root and exactly n children. 

Let Y :— [0,oo] v * . Denote by i mu i the injection from X into Y, multiplexing 
values by ignoring the escape coordinate in V*. Define the operator mul : Y — > 
Y by 

n 



imul 

">° (<f,e)e{(7,e)}x?\™ 1=1 



We see that c™ ul (£,e) is the coefficient of n™=i M (£i,e;) m * ne P r °duct of the 
following terms: 

(l + u (7i£) ) 

^ n n n 

= E^ E IlK6' e ') = (7,e)] J] 

and 

2i*( 7 )\{ £ }(M{(5, 7 ) :4e i* (7 )\{e}}) 

=e^[ e nfeex*( 7 )\{ £ },, i=7 ] n fe^^n^)- 

Therefore 

^™e)<X> = (! + U (7,e)) S I*(7)\{£}("{«,7):CeI*(7)\{e}}) ' 

For r € y, define the tree-operator 

7>: u^rc/) mul (u). 
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Using the fact that 

V 7 G V : ^(ft) = max{^ B) (w(/Z)) : e G 2*( 7 )} , 
we deduce from (23) that 

^imul(pO(*n»ul(/f)) < hnul(^) ■ 

We apply proposition 10, for k = 1, to T imal /^ and get a finite series fixpoint 
-R(*mui(p)) < imui(/3)- Then (63a) implies that 

V(7,e) € P* : P 7 *( 7)S )(P) < «( 7 ,e)(w(p)) < M 7 • 

For every (7, e) G T 5 *, Ti mul (p) has to count the terms |u(7)| = 1 and 
I u (7i7)l = T with weights « m uiP(7.e) = P-y an d P7M7 respectively. Therefore 
(^ 1 imui(p))(7.£) — P(7,e)( 1 +/ i (7,e))- We met the conditions of proposition 11 and 
(62) follows. 

□ 



6.2 The reduced SCUB 

It is evident that (23) is stronger than (22), by the inequality rct (/2) < red (/2). 
Although we already have proven (22) in section 3 by an inductive proof based 
on the fundamental identity, we want to point out that <p red (jT) comes from a 
tree-operator, too. If we relax (63b) to 

°n U ((£0, £0), (£n, £«)) 

feeZ*(&)\{eo},ei=&] 



^ e (n[(^ e <)=«o,eo)]j f n 1 

AC[n] \ieA / \ie[n]\A 



then we see that c™ ul (£,e) is the coefficient of Yl7=i m * ne P r °duct of the 

terms (1 + U( 7lE )) and Il{gi*(7)\{e}(l + "(5,7))- We thus have 

4>^%(u)<{i+u {7 , e) ) n a+^,7)). 

Sez*( 7 )\{e} 

Finishing the proof of (62) with the preceding inequality, corresponding to a 
relaxed tree-operator on Y, we naturally arrive at (22). 



7 Epilogue 

7.1 The universal minimality of Kotecky & Preiss' SCUB 

It has already been shown in [FP07] that Kotecky & Preiss' SCUB (20a) also 
stems from a tree-operator. We just want to point out that this tree-operator 
ignores the choice of partition scheme in Penrose's identity 8. It only uses the 
structure of a cluster, as inherited from its support in the polymer system (see 
figure 5). This makes it a universal relaxation and common denominator to 
every conceivable SCUB. 



33 



C. Temmel 



Sufficient conditions for absoiute convergence 
of hardcore cluster expansions 



7.2 Further improvements 

This section assumes the reader to be familiar with section 5. We outline some 
improvements to the current SCUBs, which may be of interest if one one wants 
to get computational bounds and is not satisfied by the simple SCUBs presented 
yet. 

The first, and most straightforward, improvement is to use higher-depth 
tree-operators. By cutting the trees in depth k pieces one can extract more 
restrictions on the trees. The same holds for the second improvement, namely 
multiplexing onto spaces indexed by bigger sets than V*. This transfers even 
more information between successive applications of the tree-operator. 

A third improvement is to bring more information from the polymer system 
into the exploration algorithm. One way to so is to choose the parent of a 
selected vertex also by its polymer label. Fix a collection {< 7 : 7 £ V} of total 
orders < 7 on 1(7). The parent selection step then is: 

(gp): For i £ C C\ S k let A c := {j G B k : G E(H k )}. Order Af totally via 
J <A h ) «■ (0 < Si £j) V & = £, A j < j) . (64) 
Let ji := min{j £ A l c } with respect to <A i a - SELECT 

This excludes certain vertices on the previous tree level of a vertex to having 
an admissible edge to this vertex. Thus it demands tree-operators of depth 2 or 
higher to take effect. See [Teml2, section 5.5.4] for further details. 

Finally, one could imagine basing the selection of new vertices on a fixed 
number of previously selected levels and/or peaking a fixed depth ahead into 
the yet unexplored part of H. 
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9 Appendix: Proof of proposition 20 

Proof. If we admit that the partition in algorithm 19 satisfies the compatibility 
condition (47), then proposition 20 is a direct consequence of proposition 16. 
Thus we show (47) for £p en and _4p en (T). 

Fix T G T G and H £ £ R l t (T). Let < k < I, j £ L k , i £ L x and 
e := G E \ E(T). Let (H n ) ne ^ and (T„)„ £ n be the sequences associ- 

ated with H from algorithm 22. For 0^FC£\ E(H) set H := (I, E(H) W F) 
and let {H n ) ne fj and (T n ) ne ^ be its associated sequences from algorithm 22. 
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For e 6 F let 771(e) be the level of iXj. We claim that for each N E N: 

(Ve e F : m(e) > JV) (ff„|rj£U = (#»lfj£=o ■ (65) 

We show (65) by induction over n. By definition -ffolio = Ho\f - For the 
induction step from n < N to n+ 1 we show that algorithm 17 is not influenced 
by the presence of such an e 6 F. The presence of e does not change P n com- 
pared to P n in (pb). 

Observe that if e € ARet(TT), then by (50) 771(e) = k. To show (47a) we 
assume that F C ^ fiet (T). If e is of type (50a), then it is removed during iter- 
ation (k — 1) by (pc). If e is of type (50b), then it is removed by (pu) during 
iteration k. 



To show (47b) we assume that F' := F n C Pen (T) ^ 0. Choose e £ F 
with ra(e) = N := min{m(/) : / G We demonstrate that the presence of 
e causes (i?n|T„)neN to diverge from [H n \f ) n eN exactly at level N + 1, that 
is (65) holds and H n+ i\ Tn+1 ^ H N+1 \f N i< We go through all the cases of (49): 

Case e of type (49a): Here N = k. The presence of e lets (pb) SELECT 
i e A- 

Case e of type (49b): Here N = k. The presence of e lets (pp) SELECT i 
as the parent of i in Tjy+i instead of p(i). □ 



10 Appendix: Pinned connected function vs one 
polymer partition ratios 

The relations in this section are either to interpreted formally or if a SCUB 
holds. The pinned connected function is a product of one polymer partition 
ratios [SS05, (3.8)]: 

"^^^Si — 1 — ~. m 



Sa(^) l\ < {7ifa ,.„, Ci _ l} (2) 



where {£i,---,£ m } : — A fl I*(7). On the other hand, the logarithm of the 
reduced correlations is an integral over the pinned connected function [BFPS11, 
(A.3)]: 

log<pX(^) = z 7 / — ° S " A (z(a)) da (67) 
Jo az ~t 

with 



zip) 



az 7 C = 7 ■ 



Taking the limit A / P, we have the following relations between the pinned 
series and the one polymer partition ratios in the classic case: 
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Thus the finiteness of ^ (p) is equivalent to the positivity of tp v . The converse 
relation follows from (67): 

VU-P) >exp(-p 7 * 7 (p)) . (69) 

In the escaping case we have 

^\{ £ }(-^ le i( 7) 4w(-^ 

and 

<Pt\{s}(-P) ^ CX P (-/°7*( 7 , £ )(w(p)))) • (71) 

The relationship between classic and escaping quantities is given by the 
following inequalities and comparisons. The pinned series is exactly 

*i® = -tfhsi II it J t^ - (72) 
M eeX * (7) ^\ {7} (-p) 

The one polymer partition ratios compare as 

<pl(-fl = l j ^ >1 P , (73) 

iii=i ^>\{7,? 1+ i,...,? m }(~^ n<=i 

where {£i, . . . , £ m } := I* (7). The pinned series fulfil the identity 

* 7 (A) = (l +P 7 *7(P))Sl*( 7 )(imul(p)^., 7) (imul(p))) • (74) 
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